Abstract. We consider relationships between families of K3 surfaces. Donagi and Pantev [DP] have exhibited a duality between derived categories of twisted sheaves on certain genus one fibred K3 surfaces. We investigate partial extensions of this result to the more general case of non fibred K3s. We also provide an explicit construction of a quasiuniversal sheaf associated to the classical Mukai correspondence [M2].
Context and background
A class of geometric spaces of interest to both mathematicians and physicists are Calabi-Yau (CY) manifolds, i.e. simply connected complex manifolds with trivial canonical bundle.
Remark. Definitions vary in the literature and sometimes the first condition of being simply connected is not required.
Two dimensional CY manifolds are called K3 surfaces. Lately there has been much interest in the derived category of sheaves on K3s that are twisted by some element of their Brauer groups. The Brauer group BrðX Þ of an algebraic K3 surface X is the étale cohomology group H 2 e et ðX ; O Ã Þ. For an algebraic K3 surface X it has an easy characterisation (see [C1] ):
BrðX Þ G T 4 X n Q=Z G Hom Z ðT X ; Q=ZÞ:
Here T X stands for the transcendental lattice of X which is the orthogonal complement in H 2 ðX ; ZÞ of the Picard lattice N X .
We now say what it means for a sheaf to be twisted by an element of BrðX Þ.
This research was supported in part by The Abdus Salam International Centre for Theoretical Physics (ICTP). Definition 1.1. Given y A H 2 ðX ; O Ã Þ and fU i g a su‰ciently fine open cover of X , let y ijk be a Cech cocycle representing y. Then a y-twisted sheaf on X is a collection ðfF i g; ff ij gÞ where F i is a sheaf on U i and f ij are isomorphisms relating F i and F j on U i X U j , such that f ii ¼ id, f ji ¼ f À1 ij , and f ij f jk f ki ¼ y ijk on U i X U j X U k . This result is quite general since only one of the K3s X a , Y b is required to be algebraic. It is also of interest to mathematical physics as it can be interpreted as a generalisation of T-duality (see [SYZ] ). However there were few known examples. In Chapter 6 of [K] we provide infinitely many families of genus one fibred K3s where Theorem 1.2 holds.
Donagi and
In this paper we investigate the case of non fibred K3s. One of the main results is the following theorem about Hodge cycles on products of K3 surfaces. Theorem 1.3. There exists a 19-dimensional family F of pairs ðM; Y Þ, where M is a double cover of P 2 , Y is a degree 8 surface in P 5 and T M n Q is Hodge isometric to T Y n Q. The generic pairs ðM; Y Þ in F are nonfibred K3 surfaces.
Based on the idea behind Theorem 1.3 we construct infinitely many families of isogenous K3s (Section 3).
In the sequel we will denote T M n Q by ðT M Þ Q . The Hodge isometry between ðT M Þ Q and ðT Y Þ Q is induced by an algebraic cycle Z A H 2; 2 ðM Â Y ; QÞ on the product M Â Y . This cycle is often referred to as an isogeny or a correspondence (see Definition 2.2).
The main point here is that for a generic pair ðM; Y Þ in the above family, the isometry induced by the isogeny cycle does not restrict to an embedding of the integral lattice T M into T Y or the other way around. There is a classical correspondence due to Mukai which associates to each triple intersection of quadrics a double cover of P 2 branched along a sextic (see [M2] ). In this respect the family above di¤ers from Mukai's family of corresponding pairs ðM; Y Þ, where T Y embeds in T M as a sublattice of index 2.
Cȃldȃraru (see [C1] ) has extended Mukai's theorem (see [M1] , Theorem 1.5) about moduli spaces of sheaves on K3 surfaces. The following theorem (see Section 4.4) is a nice application of Cȃldȃraru's result to the classical Mukai correspondence. In Section 2 we will recall the Donagi-Pantev result with examples. In Section 3 we prove Theorem 1.3 and then its generalisations (Theorems 3.4, 3.5). In Section 4 we give the explicit construction of the quasi universal sheaf associated to the correspondence of Mukai, ending with an application in Section 4.4. Donagi, for his patience and guidance through the span of my graduate studies. I would also like to thank Tony Pantev for his generous help with my questions in algebraic geometry. A special thanks to Professor Karen Uhlenbeck and to my family and friends for their continued support and encouragement. Finally I would like to thank the referee for the numerous helpful comments and suggestions.
Genus one fibrations
In this section we explain the Donagi-Pantev result with its applications to some examples. We start by giving some definitions and stating some facts about lattices. We will use the same notation as in [BPV] , Chapter 1.
(1) By a lattice ðL; h ; iÞ we shall mean a finitely generated free Z-module L with an integral bilinear form h ; i.
(2) If e 1 ; e 2 ; . . . ; e n is a basis for L then the determinant of the matrix ðhe i ; e j iÞ is uniquely determined, and is called the discriminant of L, denoted by dðLÞ. The lattice L is unimodular if jdðLÞj ¼ 1.
(3) The dual lattice is defined by L 4 :¼ Hom Z ðL; ZÞ.
(4) If M is a submodule of L with rankðMÞ ¼ rankðLÞ, then the order of the quotient group L=M is called the index of M in L and is denoted by ½L : M . The index is related to the discriminant by the formula ½L : M 2 ¼ dðMÞ Á dðLÞ À1 .
(5) A sublattice M of L is said to be a primitive sublattice if L=M is torsion free.
is the root lattice of the exceptional Lie group E 8 (see [H] , Chapter 3). H is the hyperbolic lattice with intersection form 0 1 1 0 .
we denote by ½o A PðL C Þ the corresponding line and set W ¼ f½o A PðL C Þ : ho; oi ¼ 0; ho; oi > 0g. The set W is called the period domain.
We will use the following lemma for our calculations later in Section 3.
Lemma 2.1. Let L be a unimodular lattice and M H L a primitive sublattice then jdðMÞj ¼ jdðMÞj
For a proof see [BPV] .
Let X be a smooth K3 surface, then c 1 ðX Þ ¼ 0, c 2 ðX Þ ¼ 24 and H 2 ðX ; ZÞ equipped with the cup product pairing is isometric to the lattice L. The Néron-Severi group of X , denoted by N X , is equal to PicðX Þ. The transcendental lattice of X is defined by 
Definition 2.3. A genus one fibered K3 is a K3 surface X , which admits a morphism X ! P 1 , such that the generic fibre of this morphism is a genus one curve.
Given a curve C in a genus one fibred K3 surface X , the fibre degree of C is defined to be the intersection number C Á f where f is the generic fibre. Consider the fibre degree of all curves in X . Then we have the following definition.
Definition 2.4. Given a genus one fibred algebraic K3 surface X the smallest positive fibre degree is called the index of X . Definition 2.5. A multisection of a fibration is a smooth curve in X which intersects each fiber in finitely many points. If X admits a section then the index is equal to 1 and X is called an elliptic fibration. In the case of algebraic K3s the index can be viewed as a measure of how far away is the surface from being an elliptic fibration.
2.1. Examples. We now give some examples of algebraic families of genus one fibrations.
Definition 2.6. Let M denote the 19 dimensional family of K3 surfaces which can be realized as double covers of P 2 branched along a sextic curve B.
Remark. Here M actually stands for the parameter space of all such K3s. We will often refer to the K3 surface M corresponding to a generic point in M as the generic element of M.
(1) Let M s a denote the codimension one subfamily of M consisting of double covers of P 2 , branched along a sextic curve with at least one ordinary double point. This contains a Zariski open set U a of sextics with exactly one node.
(2) Consider the simultaneous resolution of the codimension 2, A 1 singularities in the family of K3s parameterised by the irreducible set U a . Let M a denote this family.
Using the adjunction formula, Serre duality and the Riemann-Roch theorem for surfaces, we get the following results.
Lemma 2.7. The generic element M a of M a is a genus one fibered K3 surface of index 2. The Picard group of M a is generated by the pullback of O P 2 ð1Þ and by the class of the exceptional curve.
Lemma 2.8. Consider the zero locus of a homogeneous equation of bi-degree ð2; 3Þ in
It is a K3 surface, which is a double cover of P 2 branched along a sextic, as well as a genus one fibration of index 3.
Let M b denote the surface corresponding to the class ð2; 3Þ in P 1 Â P 2 . Then projection onto the first factor gives a morphism p 1 : M b ! P 1 , with the generic fiber a smooth genus one curve corresponding to a cubic curve in P 2 . The projection onto the second factor gives a morphism p 2 : M b ! P 2 , which is generically a 2 : 1 map and realises M b as a double cover of P 2 .
Definition 2.9. Let M b be a surface in P 1 Â P 2 with divisor class ð2; 3Þ. 
The generic curve in the linear system jDj is a multisection of fibre degree 3. Therefore M b is a genus one fibration of index 3. Let M b denote the family of all K3 surfaces obtained in this way. The generic element M b embeds in P 5 as a surface of degree 8. Similarly we let Y denote the 19 dimensional family of degree 8 K3 surfaces in P 5 . The generic element Y of Y is a complete intersection of three quadric hypersurfaces. The family M b is a codimension one subfamily of Y, and M a is a codimension one subfamily of M.
In fact it is possible to generate families of algebraic K3s of any index. We prove the following theorem in Chapter 6 of [K] .
Theorem 2.10. Given any positive integer m, there exists an 18 dimensional family X m whose generic element is a genus one fibred K3 surface of index m.
2.2. Ogg-Shafarevich theory. Given a smooth genus one fibration X ! B, there is a naturally associated elliptic fibration J ! B, called the relative Jacobian of X . More precisely we have the following definition.
Definition 2.11. Let p X : X ! B be a genus one fibration. Fix a relatively ample sheaf O X ð1Þ. Let p J : J ! B be the relative moduli space of semistable torsion-free sheaves of rank 1, degree 0 on the fibers of X . The fibration p J : J ! B is called the relative Jacobian of X ! B. We will sometimes denote p J : J ! B, by JðX Þ.
For existence, see [FM] .
An elliptic fibration p J : J ! B can be the relative Jacobian of di¤erent genus one fibrations. One way to distinguish them is by the index. In the case of algebraic K3 surfaces, B ¼ P 1 and the index is always finite. For example the generic element M a A M a is a genus one fibred K3 of index 2, while M b A M b has index 3.
Another way to classify them is as follows. Suppose p X : X ! B is a genus one fibration. Let d 1 ; . . . ; d k denote the points in B over which the fibres are singular. This set of points is also known as the discriminant locus and is always non-empty in the case of a K3 surface (see [FM] ). Then R 1 p X Ã Z X is a locally constant sheaf on B À fd 1 ; . . . ; d k g with fibre Z l Z. Its global monodromy is a representation, r X : p 1 ðB À fb 1 ; . . . ; b k gÞ ! SLð2; ZÞ, well defined upto conjugation in SLð2; ZÞ.
This leads to the following definition.
Definition 2.12. There are two natural invariants associated to a genus one fibration p X : X ! B. Let f b denote the fiber over b A B.
(1) j-function: The j-function of X denoted by j X is the function j X : B ! P 1 defined by
where jð f b Þ is the j-invariant of f b .
(2) Monodromy representation: Let fb 1 ; . . . ; b k g denote the points in B over which the fibres are singular. The monodromy representation of X is a homomorphism r X : p 1 ðB À fb 1 ; . . . ; b k gÞ ! SLð2; ZÞ;
well defined up to conjugation in SLð2; ZÞ.
Let J ! P 1 be an elliptic surface (i.e. it has a section). Then associated to J there is another elliptic surface J ! P 1 , called the Weierstrass model of J (see [FM] ). It is uniquely determined up to fibre preserving automorphisms of J.
Friedman and Morgan show that the moduli space of elliptic K3 surfaces (denoted by J) is 18 dimensional with a Zariski open subset parameterising smooth fibrations with 24 nodal fibres (see [FM] , Chapter 1).
If X is a genus one fibred K3 surface, then X has the same j-function and monodromy representation as its relative Jacobian JðX Þ. The classical theory of elliptic fibrations has been developed by Ogg and Shafarevich and for more details of the technical aspects, the reader is referred to [DG] . The main idea is that given an elliptic fibration p J : J ! B, the set of all genus one fibrations p X : X ! B whose relative Jacobian is isomorphic to J is in one-to-one correspondence with the Tate-Shafarevich group ShðJÞ of J.
Definition 2.13. Given an elliptic fibration p J : J ! B, the Tate-Shafarevich group ShðJÞ is defined to be H 1 ðB;
In the case that J is an elliptic K3 surface, we get a simple characterization of ShðJÞ.
Lemma 2.14. Let J ! P 1 be an elliptic K3 surface. Then
Proof. See [DG] . r
Cȃldȃraru shows in his thesis (see [C2] ) that J, viewed as a relative moduli space of sheaves on X , is not a fine moduli space. In fact, if the surface X corresponds to the element a A BrðJÞ, then there exists a p Ã 2 ðaÞ-twisted Poincaré sheaf E on X Â J, where p 1 , p 2 are pojections on the first and the second factor, respectively. This twisted Poincaré sheaf E induces a map on the level of cohomology from H Ã ðX ; QÞ ! H Ã ðJ; QÞ which is a Hodge isometry of the extended Mukai product (see Section 5).
As a result, we get a short exact sequence
In other words, T X embeds in T J as the kernel of a.
Let X a , Y b be two genus one fibrations associated to the elliptic fibration J; a; b A BrðJÞ. Then the index of
So ker b is Hodge isometric to ker a. Donagi and Pantev have proved the following interesting duality (see [DP] , Section 1.3, Theorem A). This is a slightly di¤erent but equivalent formulation of Theorem 1.2.
We will now apply the Donagi-Pantev result to the families M a and M b discussed earlier. They are 18 dimensional algebraic families of genus one fibred K3 surfaces, whose generic elements M a , M b are not elliptically fibred. Instead they have multisections of index 2 and 3 respectively. Proof. The main idea is to show that the classifying morphisms from U a and U b to J are dominant maps between algebraic varieties of the same dimension. Then it follows that they have finite fibers.
Let U H J denote the Zariski open irreducible subset corresponding to smooth elliptic fibrations with 24 nodal fibers. Let p J : J ! P 1 , be a representative of ½J A U. Let j J denote the j-function of J, and let r J denote the monodromy representation of J.
Let j a : M a a J denote the rational map defined by sending M a to the isomorphism class of its relative Jacobian, ½JðM a Þ. Similarly, let j b : M b a J denote the classifying morphism for the family M b .
Since U a is an irreducible Zariski open subset of M a , the image of U a under j a is an irreducible subvariety of U H J. Fix ½J A j a ðU a Þ. Then the elements of j À1 a ½J are those which have the same j-function and monodromy representation. Recall that two elements of Hom Z À pðP 1 À fd 1 ; . . . ; d 24 gÞ; SLð2; ZÞ Á correspond to the same monodromy representation if they di¤er up to conjugation in SLð2; ZÞ. Since p 1 ðP 1 À fd 1 ; . . . ; d 24 gÞ and SLð2; ZÞ are finitely generated the set Hom Z À pðP 1 À fd 1 ; . . . ; d 24 gÞ; SLð2; ZÞ Á is discrete and hence so is the subset of representatives of r J .
It follows that the preimage j À1 a ½J in U a is discrete. So the image of U a in J is 18 dimensional, and hence an irreducible Zariski open subset (i.e. j a is dominant). The same argument applies to j b .
Since j ajU a , j bjU b are algebraic maps between irreducible varieties of the same dimension, they have finite fibers. So given any point ½J in the image of j a and j b there exist finitely many elements fM There is a natural corollary to this theorem. Proof. Since J is the relative moduli space of sheaves on M i a and M j b for each i, j ð1 e i e k; 1 e j e lÞ, there exist maps
This implies that there exists a Hodge isometry c ij :
Þ Q (see [L] , Chapter 14, Section 5).
By the following theorem of Mukai (see [M3] ), it follows that Z ij is algebraic.
Theorem 2.19. Let X and Y be algebraic K3 surfaces. Suppose we are given a map f : H 2 ðX ; QÞ ! H 2 ðY ; QÞ which is a Hodge isometry. Then the associated cycle Z f is algebraic. r Recall Theorem 2.10 which states that given any positive integer m there exists an 18 dimensional family X m with generic element a genus one fibred K3 of index m. By the same arguments as those used in Theorem 2.17 it follows that given any pair of positive integers m, k there exists an 18 dimensional locus in X m Â X k on which the Donagi Pantev result (Theorem 2.15) holds.
Our goal is to find other loci consisting of isogenous K3 surfaces which may provide a suitable framework for extending the Donagi-Pantev result to nonfibred K3 surfaces.
In the next section we will exhibit such correspondences between nonfibred K3 surfaces.
Families of correspondences
In this section we prove the main theorem (Theorem 3.1) and then show the existence of infinitely many families of pairs of isogenous K3 surfaces (Theorem 3.4).
3.1. New Hodge isometries. In this subsection we give a statement and proof of the main result about Hodge isometries between the transcendental lattices of Y a triple intersection of quadrics and M an associated double cover of the plane, that are defined strictly over Q (see Theorem 3.1). (2) The pairs M a , M b correspond to elements a; b A BrðJÞ resp. where J is the associated relative Jacobian fibration. Recall that T M a embeds in T J as ker a and T M b embeds in T J as ker b.
, be the corresponding elements in BrðM a Þ and BrðM b Þ. Then ker a is Hodge isometric to ker b, via Z.
We would like to extend the above isometry to other elements of M Â Y. Proof of Theorem 3.1. Consider a marked deformation of M a inside the family M. i.e. choose an open set U in M such that there exists an isomorphism j : H 2 ðM; ZÞ ! L where M is the general element of U. If we choose U H M small enough so that it is contractible then such a marking exists (see [BPV] ). The isomorphism j, gives us an identification of H 2 ðM; ZÞ with H 2 ðM a ; ZÞ for each fibre M. Hence for M a general element of U, the isomorphism j gives an inclusion i :
Recall that N M a ¼ ZD l Ze where hD; Di ¼ 2; hD; ei ¼ 0; he; ei ¼ À2: For the moment we forget the complex structure and just consider the following Q vector spaces:
e n r A V n W . Then it is easy to check that Z T gives an isometry between V and W . Now that we have an isometry between the Q vector spaces we will relate it to the associated complex structure.
Choose a general element M in the small neighbourhood of marked deformations of M a . Let o M A V C be the associated period point of M. Since Z T is a Q isometry, the image Z T ðo M Þ under its C-linear extension lies in the period domain W. By the surjectivity of the period map (see [BPV] , Theorem 4) we get that
So now we have two K3 surfaces M and Y such that their transcendental lattices are Hodge isometric over Q.
It is easy to extend this isometry to all of H 2 ðMÞ Q . Consider the cycle 
Generalisations. We will now generalise the above example.
Lemma 3.3. Let X 3k , X 3kþ1 , X 3kþ2 denote the 19 dimensional families of algebraic K3s in P 3k , P 3kþ1 , P 3kþ2 respectively. Let X 3k A X 3k , X 3kþ1 A X 3kþ1 , X 3kþ2 A X 3kþ2 denote the general elements with polarisations D 3k , D 3kþ1 , D 3kþ2 respectively. Then
We consider the following 18 dimensional families of genus one fibred K3s:
(1) Let J 0 be the family of quartic surfaces in P 3 containing a line.
(2) Let J 1 be the family of K3s given by the intersection of a smooth cubic hypersurface in P 4 with a nodal quadric, away from the node.
(3) Let J 2 be the family of genus one fibred K3s corresponding to the class of ð2; 3Þ in P 1 Â P 2 .
Then we have the following inclusions:
The proof follows from an application of the Riemann-Roch Theorem. One can show that linear systems of the form H þ ðk À 1ÞE, k f 1, where H represents the hyperplane class and E represents an elliptic curve, are very ample. For more details see [B] .
Theorem 3.4. There are infinitely many pairs of integers ðk; lÞ and ðm; lÞ, satisfying certain constraints for which there exist 19 dimensional loci of isogenous pairs of K3 surfaces in X 3k Â X 3lþ1 and X 3mþ2 Â X 3lþ1 . That is, there are 19 dimensional families of pairs ðX 3k ; X 3lþ1 Þ and ðX 3mþ2 ; X 3lþ1 Þ such that there exist algebraic cycles inducing Hodge isometries: Proof. The idea is the same as in Theorem 3.1. There exists a finite to finite correspondence between J 0 and J 1 (Theorem 2.17). Let J 0 A J 0 and J 1 A J 1 be genus one fibred K3s with isomorphic Jacobians. By Corollary 2.18 there exists an algebraic cycle Z
Next we take a marked deformation of J 0 A X 3k . Then the marking gives us an inclusion i : T J 0 ! T X 3k where X 3k is a generic fibre of the deformation. Let D 3k denote the hyperplane class of X 3k which is also the orthogonal complement of T X 3k .
Similarly a marked deformation of J 1 A X 3lþ1 gives, for X 3lþ1 a generic element, an inclusion i : T J 1 ! T X 3lþ1 . The polarisation D 3lþ1 is the orthogonal complement of T X 3lþ1 .
Consider the following extension Z 0 of Z 0 T : 3lþ1 Þ Q , that is we get an isometry of Q vector spaces: Z T : ðT X 3k Þ Q ! ðT X 3lþ1 Þ Q . As before consider the period point o X 3k A ðT X 3k Þ C of X 3k . Since Z T is an isometry its image Z T ðo X 3k Þ will lie in the period space. By surjectivity of the period map it is the period point of some other K3 surface X 3lþ1 A X 3lþ1 . We associate to X 3k this K3 surface X 3lþ1 . Then for this choice of X 3lþ1 , Z T : ðT X 3k Þ Q ! ðT X 3lþ1 Þ Q is a Hodge isometry. In this way we get a family of isogenous pairs ðX 3k ; X 3lþ1 Þ.
However in order for this to work we need to solve for l such that
This imposes some constraints on k and l. In other words we need to solve l 2 ¼ ð6k À 2Þð6lÞ which reduces to solving n 2 ¼ ð3k À 1Þð3lÞ, since we can then just take l ¼ 2n. Given any k, the integer 3k À 1 has a unique prime factorisation. Notice that it will not contain 3 as a factor since 3k À 1 G 2 ðmod 3Þ. We separate the even powers and let r denote the product of the remaining factors. Then choosing l ¼ 3rd 2 (where d A Z) makes ð3k À 1Þð3lÞ a perfect square. Since for any k there are infinitely many such l we get infinitely many families of isogenous K3s.
In a similar way one shows the existence of loci of isogenous pairs in X 3mþ2 Â X 3lþ1 . It amounts to solving for m; l and n such that ð3m þ 2Þð3lÞ ¼ n 2 . The previous argument can be applied to show that for all m, there exist infinitely many ls such that ð3m þ 2Þð3l Þ is a perfect square. r Remark. We don't get isogenies between generic elements of X 3k , X 3mþ2 . For those to exist we need ð3k À 1Þð3m þ 2Þ ¼ n 2 . The right-hand side can only be congruent to 0 or 1 ðmod 3Þ whereas the left-hand side is equal to 2 ðmod 3Þ, so there are no solutions.
The genus one fibrations of the above example all have index 3. We can get isogenies starting with fibrations of index 2 as well. Let J 3 be the 18 dimensional family of K3s realised as double covers of P 1 Â P 1 branched along a ð4; 4Þ curve. Then a generic element J 3 A J 3 has index 2 and embeds in P 4mþ5 for m f 1. Let Y 4mþ5 denote the family of algebraic K3s in P 4mþ5 . By the same arguments as in the proof of Theorem 3.4 one can show the following.
Theorem 3.5. There are infinitely many pairs of integers ðk; mÞ for which there are 19 dimensional families of isogenous pairs in
Remark. The ðk; mÞ for each family could be di¤erent.
A natural sequel to Theorem 2.15 is the following conjecture posed by Cȃldȃraru (see [C1] ). It was recently proved by Huybrechts and Stellari (see [HS] ) based on work of Yoshioka (see [Y] ). It turns out that the conjecture had to be modified slightly.
The question of whether the Q isometries shown above correspond to appropriate elements a and b in the Brauer groups of the corresponding surfaces is still currently under investigation. In that case the results proved above would fit in the framework of Huybrechts and Stellari and Yoshioka.
A correspondence of Mukai
In this chapter we consider the moduli space of sheaves on a K3 surface. We present the results of Mukai and Cȃldȃraru, and prove a theorem pertaining to a classical correspondence of Mukai. In general M is not a fine moduli space, i.e. a universal sheaf does not exist on Y Â M. However, another sheaf which we are going to define, closely related to the universal sheaf does always exist. Mukai proved that a quasi-universal sheaf associated to a moduli problem always exists (see [M1] , Appendix 6). Cȃldȃraru proves in his thesis (see [C2] , Chapter 3, 3.3.2 and 3.3.4) an equivalent formulation of this result. He shows that there is always a twisting a A BrðMÞ such that p 
where n is as in Definition 4.2.
Let Y be a generic element of the family Y of degree 8 surfaces in P 5 . Then Y is a complete intersection of three smooth quadric hypersurfaces Q 0 , Q 1 , Q 2 . We consider the moduli space of O Y ð1Þ-semistable sheaves on Y with the invariants c 0 ¼ 2,
is primitive, v is also primitive and hv; vi ¼ 0. It follows by Mukai's theorem that if M is non-empty and compact, then M is a K3 surface.
We will see later that M is isomorphic to a double cover of P 2 branched along a sextic.
We prove the following theorem about the existence of a quasi-universal sheaf on Y Â M. In some special cases when the rank of PicðY Þ f 2, for example when Y contains a line, M is fine, i.e. a universal sheaf exists on Y Â M. Before we formulate the actual construction, we need some preliminaries.
Nets of quadrics.
Let Y be the complete intersection of three smooth quadric hypersurfaces Q 0 , Q 1 and Q 2 in P 5 with the assumption that every quadric containing Y is of rank f 5. This is generically the case. Let A i be the 6 Â 6 symmetric matrix corresponding to the quadric Q i .
be the net of quadrics in P 5 spanned by Q 0 , Q 1 , Q 2 . Each quadric in N corresponds to a point ½a 0 : a 1 : a 2 A P 2 . The set of singular members of N corresponds to
In addition since detða 0 A 0 þ a 1 A 1 þ a 2 A 2 Þ ¼ 0 is a homogeneous polynomial of degree 6 in the variables a 0 , a 1 , a 2 , the locus N 0 is a sextic curve in the plane N.
Since we assumed that every quadric containing Y has rank f 5, N 0 is smooth. For a proof, see [T] , Chapter 2, Section 3. Let G be the Plü cker embedding of Gð1; 3Þ, the Grassmannian of lines in P 3 . It is isomorphic to the zero locus of the quadratic equation characterising decomposable multivectors w : w5w ¼ 0 in Pð V 2 C 4 Þ. In G there exist two families of 2-planes corresponding to the Schubert cycles (see [GH] , p. 747):
sðhÞ ¼ fl H P 3 : l L hg where h is a hyperplane in P 3 :
Let y be the point in G corresponding to the line l y in P 3 . Then T y ðGÞ X G is the locus of lines in G through y which is equal to S p A l y sðpÞ ¼ S hIl y sðhÞ (see [GH] , p. 758).
In fact T y ðGÞ X G is a cone over a smooth quadric surface Q in P 3 . Since such a surface has two distinct rulings of lines on it, it follows that there are two families of 2-planes in G passing through y, each obtained by joining the lines of one ruling with y. We can find an interpretation of this in terms of Schubert cycles as well. The cohomology group H 4 ðG; ZÞ is generated by the Schubert cycles sðpÞ and sðhÞ. We have for p 1 3 p 2 and h 1 3 h 2 , sðp 1 Þ Á sðp 2 Þ ¼ 1 ¼ sðh 1 Þ Á sðh 2 Þ and for i ¼ 1; 2, j ¼ 1; 2, sðp i Þ Á sðh j Þ ¼ 0 (see [GH] , p. 746). Since 2-planes of opposite rulings intersect in a line, while those of the same family intersect at the point y, it follows that the 2-planes spanned by y and the lines of one ruling must be all the Schubert cycles sðpÞ for p A l y while those spanned by the lines of the other ruling must be all the cycles sðhÞ such that h I l y .
Lemma 4.8. Let y be a point in a smooth quadric hypersurface Q in P 5 . Consider one of the two families of 2-planes contained in the quadric. Then the set of 2-planes in that family which pass through y form a smooth conic curve in Gð2; 5Þ.
Proof. We have already shown that on G such a family arises from the span of y and the lines of a ruling on a smooth quadric surface Q.
Any two quadrics in P 5 having the same rank are isomorphic via the action of PGLð6Þ, the group of linear automorphisms of P 5 . So there exists an element of PGLð6Þ mapping Q to G. Since PGLð6Þ preserves linear subspaces, the element under consideration maps the families of 2-planes contained in Q to families of 2-planes in G. So it su‰ces to consider only G.
. This is a one dimensional variety with two smooth components C 1 , C 2 . Our family of 2-planes is isomorphic to one of the two compo-nents. To find the degree of C i we take its intersection with a hyperplane class. Hyperplane sections of Gð1; 3Þ correspond to the following Schubert cycles (see [GH] , p. 756).
So sðl 0 Þ X Q ¼ fl H Q : l X l 0 3 jg. A general line l 0 will intersect Q in two distinct points. One line from each ruling passes through each point, therefore the degree of each C i is 2, which proves the lemma. r Note. In the case that Q is singular at a point, and y is still a smooth point, we have that T y ðQÞ X Q is a cone over a quadric cone A in P 3 . In that case there is only one ruling of lines on A and hence only one family of 2-planes contained in Q and passing through y. So C as above has only one component. Again we take the intersection of sðl 0 Þ with A, which is equal to fl H A : l X l 0 3 jg. A general line l 0 will intersect A in 2 points and therefore the degree of C in this case is also 2.
Let us consider now the universal exact sequence on G
Let S y , S y denote the fibres over y of S and S respectively.
Note. Here S stands for the universal quotient bundle on the Grassmannian G.
Consider the incidence correspondence I 1 in Y Â Gð2; 5Þ, where
Then I 1 ! Y is a smooth P 1 bundle. Over each y the fibre is fh L P 3 : l y H hg, which is isomorphic to PðC 4 =S y Þ, and so I 1 ¼ PðSÞ. Similarly we define
I 2 is a P 1 bundle where now the fibre over each y is the set of points on l y , i.e. the set of hyperplanes in l y . But this is just l Since all the smooth quadrics in P 5 are isomorphic to G we obtain two families of 2-planes for each quadric. In the case of a singular quadric (of rank at least 5), the two families degenerate into one. Let us return to the net of quadrics N generated by the quadrics Q 0 , Q 1 , Q 2 . The family of 2-planes sweeping out the quadrics in the net gives rise to the double coverÑ N ! N G P 2 branched along the smooth sextic curve N 0 . By arguments the above, associated to each family of 2-planes in a quadric there is a P 1 -bundle on Y which is the projectivization of a rank 2 vector bundle with Mukai vector À 2; Oð1Þ; 2 Á . It turns out that these represent all the isomorphism classes of such bundles (see [N] and [M1] ). This shows that M is isomorphic toÑ N. (In the case when same quadrics have rank less than 5 their locus is a codimension one subset of N 0 .) In that case, we get a rational map from the double cover of P 2 (branched along the singular sextic curve N 0 ) to M.
Mukai's result (see [M1] , [M2] ) then shows that in fact M is isomorphic to the double cover of N G P 2 branched along N 0 .
Claim. The generic M is not a fine moduli space.
Proof. Generically PicðMÞ G ZD, where D denotes the pull back of O P 2 ð1Þ. Then by adjunction D Á D ¼ 2. Now suppose M is a fine moduli space, i.e., there exists a rank 2 sheaf F on Y Â M satisfying the desired properties. For each y A Y , F y :¼ F j yÂM is a rank 2 bundle on M with with c 1 ðF y Þ ¼ kD for some k. By a result of Newstead (see [N] ) it follows that F y j D has odd degree. This is impossible since the degree of F y j D is equal to
which is an even number. r 4.3. The construction. We will now give an explicit construction for the quasiuniversal sheaf E on Y Â M with exponent n ¼ 2 (see Definition 4.2).
In other words we'll construct a rank 4 vector bundle V on Y Â M such that:
, and PðV ij Y Âm Þ for each i, is isomorphic to the P 1 bundle on Y associated to the family m A M of 2-planes sweeping out a quadric in the net.
Definition 4.9. We consider the incidence variety I in Y Â M Â Gð2; 5Þ where I ¼ fðy; m; LÞ : y A L; L A mg. Then p : I ! Y Â M is a P 1 bundle, where the fibre over each ðy; mÞ is a smooth conic curve denoted by C. The pull back of Oð1Þ from Gð2; 5Þ to I is a line bundle L such that L j C G O P 1 ð2Þ.
Lemma 4.10. Let K denote the kernel of the evaluation map p Ã p Ã L ! L. Then we have a short exact sequence
Proof. It is enough to show this fibrewise, i.e. we need to show that the evalua- Now K is a rank 2 bundle on I such that K j C has degree À2. Since all vector bundles on P 1 are decomposable we get that K j C G O C ðaÞ l O C ðbÞ where a þ b ¼ À2.
The long exact cohomology sequence associated to the sequence above in the lemma is as follows: 0 ! H 0 ðK j C Þ ! H 0 À P 1 ; Oð2Þ Á ! H 0 ðL j C Þ ! H 1 ðK j C Þ ! Á Á Á .
Since the second map is an isomorphism we get that H 0 ðK j C Þ ¼ 0, which implies that
.
Þ. Then V is a rank 4 vector bundle on Y Â M such that V jY Âm G ðV 1 l V 2 Þ jY Âm where V 1jY Âm G V 2jY Âm and the restriction of PðV i Þ to ðy; mÞ is isomorphic to C which is the fibre of I over ðy; mÞ. So, up to isomorphisms, V is a quasi-universal sheaf, associated to the moduli space of sheaves on Y with Mukai vector À 2; Oð1Þ; 2 Á .
Recall that in terms of Schubert cycles, the hyperplane class, H ¼ O Y ð1Þ corresponds to the restriction to Y of sðl 0 Þ ¼ fl y : l y X l 0 3 jg where l 0 is a general line in P 3 and l y is the line corresponding to y A Y (see previous section).
The line L H Y corresponds to the Schubert cycle sðp 0 ; h 0 Þ ¼ fl : p 0 A l; l H h 0 g for some point p 0 and some 2-plane h 0 containing p 0 in P 3 .
L Á H ¼ 1 implies that for a general y A Y , there exists exactly one line l L; y in sðp 0 ; h 0 Þ such that l L; y X l y 3 j.
Consider the fibre C ¼ I y; m . Then either (1) C G fsðpÞ : p A l y g or (2) C G fsðhÞ : l y H hg.
We will define a section of p : I ! Y Â M, using L.
In the first case, let sðy; mÞ be the unique point in C corresponding to the 2-plane sðp 0 Þ where p 0 ¼ l y X l L; y .
In the second case, map ðy; mÞ to the point in C, corresponding to the unique 2-plane h 0 , spanned by l y and l L; y .
This defines a section s : Y Â M ! I . It follows that I G P À p Ã À OðsÞ 4 ÁÁ and so p Ã À OðsÞ 4 Á is a universal sheaf. This is in agreement with Cȃldȃraru's result. As before, let L denote the class of the line and let u ¼ ð0; L; 0Þ, then hu; vi ¼ 1, so gcdfhu; vig ¼ 1. Then for any u AH HðY ; ZÞ such that hu; vi ¼ 1, Z E ðuÞ AH HðM; ZÞ, hence ½Z E ðuÞ A BrðMÞ is trivial. By Cȃldȃraru's Theorem, ½Z E ðuÞ corresponds to the obstruction, which in this case is trivial, hence M is a fine moduli space.
Next we consider the case when Y is an element of the family M b , i.e. Y is a genus one fibration such that hF ; Hi ¼ 3 where F is the fibre class and H is the hyperplane class.
Let u :¼ ð0; F ; 0Þ then ð0; F ; 0Þ; À 2; Oð1Þ; 2 Á ¼ 3 1 1 ðmod 2Þ; so gcdfhu; vig ¼ 1 where u runs over elements ofH H 1; 1 ðY ; ZÞ, which as before implies that M is a fine moduli space. r Consider a marked deformation of Y in Y so that the class F becomes transcendental. Let a ¼ ½Z E ðF Þ A BrðMÞ. Then by Cȃldȃraru's Theorem DðY Þ G DðM; aÞ:
